Exact solutions of Nilsson mean-field plus various type of pairing interactions are briefly reviewed. Some even-odd mass differences and moment of inertia of low-lying states for rare earth and actinide nuclei calculated in nearest-orbit pairing and extended pairing models and comparison with the corresponding experimental data are shown. An exact boson mapping of the reduced BCS pairing Hamiltonian is reported. In the mapping, fermion pair operators are mapped exactly to the corresponding bosons. The image of the mapping results in a Bose-Hubbard model with level dependent hopping.
Introduction
Pairing is an important and indispensable residual interaction needed in various nuclear models based on mean-field theory. The concept was first introduced by Racah within the context of a seniority coupling scheme 1 . Various applications to realistic nuclear systems 2 were carried out following suggestions from Bohr, Mottelson, and Pines 3 . The Bardeen-Cooper-Schrieffer (BCS) 4 and Hartree-Fock-Bogolyubov (HFB) 5 methods for finding approximate solutions are well known. The limitations of these methods when applied in nuclear physics are also well understood. First of all, not only is the number of nucleons in a nucleus typically small, the number of valence particles (n ∼ 10) which dominate the behavior of low-lying states is too few to support the underlying assumptions of the approximations, that is, particle number fluctuations are non-negligible. As a result, particle number-nonconservation effects can lead to serious problems such as spurious states, nonorthogonal solutions, etc. Furthermore, an essential feature of pairing correlations are differences between neighboring even and odd mass nuclei, which are driven mainly by Pauli blocking effects, and it is difficult to treat even-odd differences with either the BCS or HFB theories because different quasi-particle bases must be introduced for different blocked levels. Another problem with approximate treatments of the pairing Hamiltonian is related to the fact that both the BCS and the HFB approximations break down for an important class of physical situations. A remedy that uses particle number projection techniques complicates the algorithms considerably and does not help to achieve a better description of the higher-excited part of the spectrum of the pairing Hamiltonian.
Driven by the importance of having exact solutions of the reduced BCS pairing Hamiltonian, much attention and progress, building on Richardson's early work 6, 7, 8 and extensions to it based on the Bethe ansatz, has been made in the past few years 9, 10, 11, 12, 13, 14, 15 . For all these algebraic Bethe ansatz approaches, the solutions are provided by a set of highly non-linear Bethe Ansatz Equations (BAEs). Though these applications demonstrate that the pairing problem is exactly solvable, solutions of these BAEs are not easy and normally require extensive numerical work, especially when the number of levels and valence pairs are large 16 . This limits the applicability of the methodology to relatively small systems.
However, if nuclear pairing interaction is restricted to nearest state in a meanfiled theory, it leads to a simply solvable hard-core Bose-Hubbard model Hamiltonian, which may be suitable to be used to describe well-deformed nuclei.
17,18 A possible extension to include high order pairing interaction is also exactly and easily solvable and can be applied to realistic nuclear systems.
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In this talk, we briefly review our study of mean-field plus nearest-level pairing or extended pairing interactions. Some binding energies, pairing excitation energies, even-odd mass differences, and moment of inertia of low-lying states for even-even rare earth and actinide nuclei are calculated in both nearest-level pairing and extended pairing models, and compared with the corresponding experimental data. Finally, an exact boson mapping of the reduced BCS pairing Hamiltonian is shown. In the mapping, fermion pair operators are mapped exactly to the corresponding bosons. The image of the mapping results in a Bose-Hubbard model with level dependent hopping.
The nearest-level pairing model
In Refs 17 and 18, a hard-core Bose-Hubbard model was proposed, which is equivalent to a mean-field plus nearest-level pairing theory. As is well known, the reduced BCS pairing interaction, which is used in many applications, is not a particularly good approximation for well-deformed nuclei. In Ref. 20 , a level-dependent Gaussian-type pairing interaction with
was used, where i and j each represent doubly occupied levels with single-particle energies i and j . The parameters B 1 < 0 and B 2 > 0 are adjusted in such a way that the location of the first excited eigen-solution lies approximately at the same energy as for the constant pairing case. Of course, there is some freedom in adjusting the parameters, allowing one to control in a phenomenological way the interaction among the levels. Expression (1) implies that scattering between particle pairs occupying levels with single-particle energies that lie close are favored; scattering between particle pairs in levels with distant single-particle energies are unfavored. As an approximation, this pairing interaction was further simplified to nearest-level coupling in Refs 17 and 18, namely, G ij is given by (1) if the levels i and j lie adjacent to one another in energy, with G ij taken to be 0 otherwise. Hence, the Hamiltonian can be expressed aŝ
where the first sum runs over the orbits occupied by a single fermion which occurs in the description of odd-A nuclei or broken pair cases, and the second primed sum runs only over levels that are occupied by pairs of fermions. For the nearest-level pairing interaction case the t-matrix is given by t ii = 2 i + G ii = 2 i + B 1 and t ii+1 = t i+1i = G ii+1 with t ij = 0 otherwise. The fermion pair operators in this expression are given by
where a i + is the i-th level single-fermion creation operator and a 
where
is the pair number operator in the i-th level for even-even nuclei.
In our study, the Nilsson Hamiltonian is used to generate the mean-field. In this case there is at most one valence nucleon pair or a single valence nucleon in each level due to the Pauli principle. Equivalently, these pairs can be treated as bosons with projection onto the subspace with no doubly occupied levels.
The eigenstates of (2) for k -pair excitation can be expressed as
where j 1 , j 2 , · · · , j r are the levels occupied by r single particles, the prime indicates that i 1 , i 2 , · · · , i k can not be taken to be j 1 , j 2 , · · · , j r in the summation, and n f is the total numbers of single valence nucleons, that is n f = j n j . If only even-even and odd-A nuclei are treated without including broken pair cases, r is taken to be 1 for odd-A nuclei, and 0 for even-even nuclei. In Eq. (5),
where ξ is a shorthand notation for a selected set of k eigenvalues of the t matrix without the corresponding r rows and columns denoted ast, which can be used to distinguish the eigenstates with the same number of pairs, k, and g ξp is the p-th eigenvector of thet matrix.
The excitation energies corresponding to (5) can be expressed as
where the first sum runs over r Nilsson levels each occupied by a single valence nucleon, which occurs in odd-A nuclei or in broken pair cases, the second one is a sum of k different eigenvalues of thet-matrix. Obviously,t is a (k − r) × (k − r) matrix, since those orbits occupied by single valence nucleons are excluded resulting from the Pauli blocking. E (ξp) is the p-th eigenvalue of thet-matrix, that is
If one assumes that the total number of orbits is N for even-even nuclei, the kpair excitation energies are determined by the sum of k different eigenvalues chosen from the N eigenvalues of thet matrix with r = 0, the total number of excited levels is N !/k!(N − k)!. While for odd-A nuclei or broken pair cases, the levels that are occupied by the single valence nucleons should be excluded in the original t matrix. In the latter case, the eigenvalue problem (4) can be solved simply by diagonalizing the correspondingt matrix as shown in Eq. (8) .
Even-odd mass difference is defined by
where E(A) is binding energy of the corresponding nucleus with mass number A. Fig. 1 Yb nuclei in both proton-proton and neutron-neutron pairing and proton-proton pairing excitation frozen cases, and compared with the corresponding experimental data 21, 22, 23 . The parameters B 1 and B 2 in Eq. (1) were fit as follows to maximize agreement with experiment:
where α i , β i , and γ i are parameters that were fit for each isotope. When protonproton and neutron-neutron pairing interaction are all considered, the model Hamiltonian will include both neutron and proton parts according to Eq. (2) . While in the proton-proton pairing excitation frozen case, we take the proton mean-field and proton pairing interaction energy contribution to the total energy as a constant in fitting binding energies. Actually, the proton mean-field and proton pairing interaction mainly contribute to excitation energies and moment of inertia of low-lying excitation states, and less affect even-odd mass difference as shown in Fig. 1 . 
where J x is total angular momentum projected onto the x axis of the intrinsic frame, |g and |n stand for ground and excitation state calculated from the model, and the sum should run over all excited states with broken pairs. Since excitation energies with more than one broken pair are higher and contribute much less to the moment of inertia according to Eq. (11), only one broken pair states are considered in our calculation. Fig. 2 shows moment of inertia of the first 2 + state for even-even nuclei of 226−234 Th, 230−239 U, 236−243 Pu calculated by the model including both proton-proton and neutron-neutron pairing and compared with the corresponding experimental values, the reduced BCS pairing with BCS approximation 25 , and results from the rigid body formula
where R 0 ≈ 1.2A
cm is empirical nuclear radius, β and M are quadrupole deformation parameter and nuclear mass, respectively. It can be seen from Fig.  2 that the rigid body results are too large if no pairing interaction is included, while the reduced BCS pairing interaction may exaggerate the pairing interaction in realistic nuclear systems as was pointed out by Nilsson and Prior in their early work 25 . In our calculation, however, only nearest-level pairing is considered, of which the results are much better than those from the reduced BCS pairing interaction as far as these actinide nuclei are concerned. 
An exactly solvable extended pairing model
As an extension of the reduced BCS pairing, we constructed the extended pairing Hamiltonian
where no pair of indices among {i 1 , i 2 , · · · , i 2µ } are the same for any µ. Besides the usual Nilsson mean-field and the standard pairing interaction, this form includes many-pair hopping terms that allow nucleon pairs to simultaneously scatter (hop) between and among different Nilsson levels. With this extension in place, we have shown that the model is exactly solvable. The k-pair eigenstates of (13) can be written as
is the expansion coefficient with
where, similar to the results given in the Bethe ansatz approach,
The additional quantum number ζ labels the ζ-th solution of (16) . The corresponding k-pair excitation energies of (14) are given by:
Since there are higher order terms involved in (13) , it is important to know whether the dynamics is still dominated by the one-and two-body interactions, and if not, under what conditions the higher order terms can be treated perturbatively. It has be shown in Ref. 19 that the two-body pairing interaction indeed dominates the dynamics of the system as long as the interaction strength G is small. With increasing interaction strength, the system is driven mainly by two-body pairing interaction, less by three-body pairing interaction, and much less by the higher order terms. As one would expect, increasing the number of pairs k drives the critical point where two-body pairing interaction becomes dominant towards smaller G values. These higher order terms are always less important than two-body interaction for small G and three-body term for big values of G.
As an example of an application of the theory to well-deformed nuclei, we fit even-odd mass differences of the 158−173 Hf, 152−169 Er, and 154−171 Yb isotopes. The single-particle energies of each nucleus were calculated using the Nilsson deformed shell model with experimentally determined deformation parameters 21, 22 . Fig. 3 shows the theoretical fit in comparison with the corresponding experimental values 23 . Except for small deviations, the experimental results are well reproduced. One could also consider an empirical expression for the pairing strength G as a function of the number of valence pairs, which will be considered elsewhere. 21, 22, 23 The theoretical values for even-odd mass P (A) are connected by the lines.
Exact boson mapping of the reduced BCS pairing
Recently, an exact boson mapping of the reduced BCS pairing Hamiltonian was made. The traditional reduced BCS pairing Hamiltonian for deformed nuclear system is given bŷ
where G > 0 is the equal strength pairing parameter, η j = 2 j /G, and the summation sign with prime indicates that the sum is restricted to levels other than those occupied by the single fermions. Because solutions of m = 0 cases are basically similar to those of seniority zero case, in the following we only consider the case with m = 0. For k-particle excitation, the wavefunction of (18) in this case with p levels considered can be written as
where |0 is the pairing vacuum state satisfying
with the corresponing eigen-energy E
should satisfy k coupled Bethe ansatz or RichardsonGaudin equations:
It is understood that the additional quantum number ξ in (19) - (21) is introduced to label the ξ-th set of roots {E 
in which the images satisfy the usual commutation relations of boson operators: (2) algebras. Furthermore, the mapping is unitary and number-conserving. We then seek a Bose Hamiltonian constructed from those boson images which should keep the wavefunction (19) consistent after the mapping. We found the one-body term in (18) does keep the same form after the mapping, while the pairing interaction term can not be mapped into one-body form, but with an additional non-Hermitian two-body interaction term, which is quite natural because the fermion pairing interaction like hard-core boson hopping can not be replaced by usual boson hopping. The final image of (18) after the mapping (22) is of the following form:
To reveal the dynamics of the Hamiltonian (23), let us consider a more general form of (23) witĥ
where 2 j − t − U in the first term can be regarded as contribution from external potential or on-site disorder, the second term describes boson hopping among all sites with site dependent hopping parameter t − n j U , and the third term is the onsite repulsion. Since the two-body interaction term usually contribute with the same order of magnitude as the one-body term, the on-site repulsion parameter may be set as U = U 0 /k, where k is the total number of bosons, in which U 0 and t is of the same order of magnitude. Hence, the reduced BCS pairing Hamiltonian is mapped into a Bose-Hubbard model with site-dependent hopping parameter t − U 0 (n j /k). Therefore, the more the bosons on the j-th level, the less the hopping strength of other bosons hopping onto j-th level if t ≥ U 0 . In the Bose Hamiltonian (23) with t = U = G, however, the condition 1 ≥ n j is no longer satisfied if n j = 0 or 1, which means that the fermion pairing interaction looks extremely repulsive after the boson mapping (22) .
To prove that (23) is indeed the exact boson image of (18), one can simply verify that the wavefunctions of (24), at least a part of them, can indeed be written as the boson image of (19) with
where |0 B is the corresponding boson vacuum, and
with the corresponding eigen-energies
and the Bethe ansatz equations
Though it is difficult to analyze the spectrum generated by (28) analytically, one can verify that the whole spectrum described by (27) obtained from solutions of (28) are real and complete with (
When U = t = G, with which (24) is reduced to (23) corresponding to the image of the reduced BCS pairing Hamiltonian (18) . In this case, though it is not guaranteed that all eigenvalues of (24) are real, especially for large k cases, a part of them satisfying (28) consisting of p!/((p − k)!k!) eigenvalues, which are the same as those given by (21) , correspond exactly to those of the reduced BCS pairing Hamiltonian (18) . There are
] more other eigenvalues which are not provided by (27) - (28) . Hence, eigenvectors other than those corresponding to the eigenvalues given by (27) can not be written in the Bethe ansatz form (25) .
Similar to the Dyson mapping 26 and, for example, the iterative boson expansion approach 27 , the resultant Bose Hamiltonian (23) is non-Hermitian. In addition, there will be spurious states involved in the boson space. Therefore, the Bose Hamiltonian should be projected onto the physical subspace. LetP be the projection operator, which can be expressed aŝ
where |k, ξ) are normalized eigenvectors given by (25) , and the sum runs over all possible values according to the number of solutions of (28) with U = t = G. Thus, it is clear that the projection operatorP annihilates unphysical subspace 26 . It follows that the projected Bose Hamiltonian with
is digonalizable under the physical subspace spanned by {|k, ξ)} with results shown by (25)- (28) . Hence, we obtain the Bose HamiltonianH Bose exactly equivalent to the reduced BCS Hamiltonian (18) in the physical boson subspace.
Conclusions
In summary, exact solutions of Nilsson mean-field plus various type of pairing interactions are briefly reviewed. some even-odd mass differences and moment of inertia of low-lying states for even-even rare earth and actinide nuclei show that the nearest-level pairing interaction may be better in description of pairing interactions in well-deformed nuclei. Though the extended pairing interaction can also be applied to describe binding energies and even-odd mass differences, similar to the reduced BCS pairing interaction, the extended pairing also exaggerate the pairing interactions, at least for actinide region, though moment of inertia for these nuclei has not been calculated in the extended pairing model. Further study in this direction is in progress. An exact boson mapping of the reduced BCS pairing Hamiltonian is obtained under the guidance of the Richardson-Gaudin exact solutions of the reduced BCS pairing model. Though non-Hermitian, all solutions of the resultant Bose-Hubbard Hamiltonian are real and provided by the Richardson-Gaudin type wavefunctions and the corresponding Bethe ansatz equations when U k/t < 1. The physical Bose image of the reduced BCS pairing Hamiltonian is obtained by the projection method which is exactly equivalent to the reduced BCS Hamiltonian in the physical boson subspace. Because what we have studied is based on deformed shell model like basis, the boson operators do not conserve angular momentum which must be restored by angular momentum projection 28 . After the angular momentum projection, one can better understand the intimate links between mean-field plus pairing models and the interacting boson model 28 . Further study about this problem will be carried out in the near future.
